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The Downside of Schematic Proof Calculi

@ Compositional reasoning reduces complex
[ (Bl systems to their building blocks

[ || BI(¢ A 9)
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The Downside of Schematic Proof Calculi

@ Compositional reasoning reduces complex
[ (Bl systems to their building blocks

[a || B](o A ) (%) @ In case of parallel (hybrid) systems, side
conditions (%) are extensive and subtle

FV(¢) NBV(B) €0
N(¢) NCN(B) < 0
FV(y)nBV(a) €0
N(y) N N(er) €0

Free variables FV(-), bound variables BV(-), read or written
channels QN(-), and globally synchronized variables Vg
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The Downside of Schematic Proof Calculi

@ Compositional reasoning reduces complex
[ (Bl systems to their building blocks

al A@ne) ™

@ In case of parallel (hybrid) systems, side
conditions (%) are extensive and subtle

FV(¢) NBY(B) € Ve
Vo = globally synchronized behavior

Free variables FV(-), bound variables BV(-), read or written
channels QN(-), and globally synchronized variables Vg

M. Brieger, S. Mitsch, and A. Platzer Uniform Substitution for Communicating Hybrid Programs



The Downside of Schematic Proof Calculi

@ Compositional reasoning reduces complex
[ (Bl systems to their building blocks

al A@ne) ™

@ In case of parallel (hybrid) systems, side
conditions (%) are extensive and subtle

FV(¢) NBY(B) € Ve
Vo = globally synchronized behavior

+ incl. global time

Free variables FV(-), bound variables BV(-), read or written
channels QN(-), and globally synchronized variables Vg
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The Downside of Schematic Proof Calculi

Schematic proof rules with side conditions
cause large soundness-critical prover kernels

Uniform substitution is to the rescue
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Sound Microkernels for Theorem Provers
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Dynamic Logic of Communicating Hybrid Programs dLcnp

Definition: Communicating hybrid programs

Hybrid programs
|2’ =01 |esBlaUB|ar
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Dynamic Logic of Communicating Hybrid Programs dLcnp

Definition: Communicating hybrid programs

Hybrid programs Communication and parallelism

A

T=01a =0 |a;8|laUB]|ar|ch(h)8]|ch(h)?z ]|l s

: . Send || Receive || Parallel
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Dynamic Logic of Communicating Hybrid Programs dLcnp

Definition: Communicating hybrid programs

Hybrid programs Communication and parallelism

A

alV,2) |2:=0a' =07 | ;8| aUB|a*|ch(h)8 | ch(h)?z | o | B

/ [/ /R | l
oo
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Dynamic Logic of Communicating Hybrid Programs dLcnp

Definition: Communicating hybrid programs

Hybrid programs Communication and parallelism

alV,2) |2:=0a' =07 | ;8| aUB|a*|ch(h)8 | ch(h)?z | o | B

/ / / / \ \ | l
) e o] o 2

Definition: Dynamic assumption-commitment logic

First-order logic
A

er~ex| | pAY| Voo

Forall
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Dynamic Logic of Communicating Hybrid Programs dLcnp

Definition: Communicating hybrid programs

Hybrid programs Communication and parallelism

alV,2) |2:=0a' =07 | ;8| aUB|a*|ch(h)8 | ch(h)?z | o | B

/ / / / \ \ | l
) e o] o 2

Definition: Dynamic assumption-commitment logic

First-order logic Dynamic modalities
A

er~ex || oAy | Vool oy [alacy®

Fora”/ All P{og. Al Runs
[ }[Runs ][m Env.]
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Dynamic Logic of Communicating Hybrid Programs dLcnp

Definition: Communicating hybrid programs

Hybrid programs Communication and parallelism

alV,2) |2:=0a' =07 | ;8| aUB|a*|ch(h)8 | ch(h)?z | o | B

/ / / / \ \ | l
) e o] o 2

Definition: Dynamic assumption-commitment logic

First-order logic Dynamic modalities @ [0} @
N
communication

Sl R eR | el e
| A/ N\

Forall All Prog. |[ All Runs Environment
"3 Runs in Env. ¢ — [aa,cy¥
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Dynamic Logic of Communicating Hybrid Programs dLcnp

Definition: Communicating hybrid programs

Hybrid programs Communication and parallelism

alV,2) |2:=0a' =07 | ;8| aUB|a*|ch(h)8 | ch(h)?z | o | B

/ / / / \ \ | l
) e o] o 2

Definition: Dynamic assumption-commitment logic

First-order logic Dynamic modalities @ [0} @
N
communication

p(¥,8) |1 ez | ~p | 9 A0 V2o | [ald | lacy® v e

/| | _
Pred. Forall All Prog. || All Runs Environment
Symb. @ Runs in Env. ¢ — [aa,cy¥
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Semantics of Communicating Hybrid Programs
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Semantics of Communicating Hybrid Programs

state

: state
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Semantics of Communicating Hybrid Programs

state

: state
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Semantics of Communicating Hybrid Programs

state

(ch, 0, 1)
ch(h)!0
e o
state trace
: T
state
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Semantics of Communicating Hybrid Programs

state
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B trace
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Semantics of Communicating Hybrid Programs
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Axiomatization of dLlcnp

Axiom (one formula) Axiom schema (oo formulas)
modulo symbolic (co)finite sets for all x, 0,4, x,a, B

[z := flp(z) < p(f) [z := 0] (x) 5 1(0)

[?qlp < (¢ = p) [PX]Y < (x = ¥)
[ch(h)!6]p(ch, h) [ch(h)0]is(h)

< Vho (h() =h- <Ch7 9,u> — p(Ch, ho)) < Vho (ho =h- <Ch79,u> — ’(/J(ho))

(where hyg is fresh)

[ch(h)?z](a,cyp(ch, h, ) [ch(h)?x]{a,cy0)
< [x:= #][ch(h)!z]¢a,cyp(ch, b, x) < [z := «#][ch(h)lz]a c} ¥
[a; blp(Y; 2) > [a][b]p(Y, 2) [o; B]Y = [a][B]Y
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Axiomatization of dLlcnp

Axiom (one formula) Axiom schema (oo formulas)

modulo symbolic (co)finite sets for all x, 0,4, x,a, B
if
(= fIp(x) 65 p(f)  ~menns [ = 0](z) <5 1(6)
substitution
[?q]p <> (¢ — p) [?X] < (x = )

[ch(R)'0]p(ch, h) [ch(Rh)!0]w(h)
< Vho (h() =h- <Ch7 9,u> — p(Ch, ho)) < Vho (ho =h- <Ch79,u> — ’(/J(ho))

(where hyg is fresh)

[ch(h)?z](a,cyp(ch, h, ) [ch(h)?x]{a,cy0)
< [x:= #][ch(h)!z]¢a,cyp(ch, b, x) < [z := «#][ch(h)lz]a c} ¥
[a; blp(Y; 2) > [a][b]p(Y, 2) [o; B]Y = [a][B]Y
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Axiomatization of dLlcnp

Axiom (one formula) Axiom schema (oo formulas)

modulo symbolic (co)finite sets for all x, 0,4, x,a, B
if
(= fIp(x) ¢ p(f) s [ = 010(z) o5 1(6)
substitution
[?q]p <> (¢ — p) X)W < (x = ¥)

[ch(R)'0]p(ch, h) [ch(h)'6]1(h)
< Vho (h() =h- <Ch, 0, ,u> — p(Ch, ho)) — Vhyg (h() =h- <Ch, 97/L> — ’l/J(h()))

(where hyg is fresh)

[ch(h)?z](a,cyp(ch, h, ) [ch(h)?x]{a,cy0)
< [x:= #][ch(h)!z]¢a,cyp(ch, b, x) < [z := «#][ch(h)lz]a c} ¥
[a; blp(Y; 2) > [a][b]p(Y, 2) [o; B]Y = [a][B]Y
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Axiomatization of dLlcnp

Axiom (one formula) Axiom schema (oo formulas)
modulo symbolic (co)finite sets for all x, 0,4, x,a, B
uniform
= ANAAAANAAAAAAAND = 9
[Z«“ | f]p((w) <—>)p(f) R Ej . WE ) w)( )
2qlp < (¢ = p 9 X —
[ch(h)!0]p(ch, h) [ch(h)!0]y(h

(
< Vho (h() =h- <Ch7 9,u> — p(Ch, ho)) < Vho (ho =h- <Ch797u> — ’(/J(ho))

(where hyg is fresh)

[ch(h)?z](a,cyp(ch, h, 2) [ch(h)?x] A cy
< [x:= #][ch(h)!z]¢a,cyp(ch, b, x) < [ = #][ch(h)!z]a ) ¥
[a;b]p(Y, 2) < [a][b]p(Y, Z) [a; Bl <> [o][B]Y
implementation by \ algorithmic
object instances KLOC implementation
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Uniform Substitution for dLchp

Theorem (substitution o maps symbols to terms, formulas, or programs)

) provided for each operation ®(e
——US
oo and program constant a(Y, Z) in ¢:

(B1)  F(olge) NBY(®() =0 and N(o[g()) N AN(®(:)) =0
(B 1) BV(ca) CBV(a(Y,z) and (N(ca)=MN(a(Y,z))
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Uniform Substitution for dLchp

Theorem (substitution o maps symbols to terms, formulas, or programs)

0] provided for each operation ®(e
——US
oo and program constant a(Y, Z) in ¢:

(B1)  F(olge) NBY(®() =0 and N(o[g()) N AN(®(:)) =0
(BII) BV(ca) CBV(a(Y,z) and (N(ca)=MN(a(Y,z))

Uniform substitution is sound if

K [FOL: Church, dC: Platzer]

(B 1) it never introduces free variables or channel access
into a context where the variable or channel is written

(B 1) it never extends bound variables or writes channels
beyond the original scope
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Uniform Substitution for dLchp

Theorem (substitution o maps symbols to terms, formulas, or programs)

0] provided for each operation ®(e
——US
oo and program constant a(Y, Z) in ¢:

(B1)  F(olge) NBY(®() =0 and N(o[g()) N AN(®(:)) =0
(BII) BV(ca) CBV(a(Y,z) and (N(ca)=MN(a(Y,z))

Uniform substitutigric< i
Don't release the

context from

synchronization!
(B 1) it never extends bound variables or writes channels

beyond the original scope

riables or channel access
riable or channel is written

(B1) it neve
into a
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Uniform Substitution for dLchp

Theorem (substitution o maps symbols to terms, formulas, or programs)

) provided for each operation ®(e
——US
oo and program constant a(Y, Z) in ¢:

(B1)  FV(olge) NBY(R(:) =0 and (N(o]s()) N AN(R(+)) =0
(BIl) BV(ca) CBV(a(Y,Zz)) and (N(ca)=N(a(Y, z)))

[a; blp(Y; 2) ¢ [a][b]p(Y, 2)
[ch(h)?v; {2’ = v}z > 0« [ch(h)?v][{z' =v}]z >0

us
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Uniform Substitution for dLchp

Theorem (substitution o maps symbols to terms, formulas, or programs)

) provided for each operation ®(e
——US
oo and program constant a(Y, Z) in ¢:

(B1)  FV(olge) NBY(&(:) =0 and (N(o]s()) N AN(&(+)) =0
(BIl) BV(ca) CBV(a(Y,Zz)) and (N(ca)=N(a(Y, z)))

Uniform substitution is sound if

(B 1) it never introduces free variables or channel access
into a context where the variable or channel is written

p(h) = [a]p(h)
72} ch| = 0 — [ch(h)6]|lx | ch| = 0

4clash

free in a context
where it is bound
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Uniform Substitution for dLchp

Theorem (substitution o maps symbols to terms, formulas, or programs)

) provided for each operation ®(e
——US
oo and program constant a(Y, Z) in ¢:

(B1)  FV(olge) NBY(&(:) =0 and (N(o]s()) N AN(&(+)) =0
(BIl) BV(ca) CBV(a(Y,Zz)) and (N(ca)=N(a(Y, z)))

Uniform substitution is sound if

(B 1) it never introduces free variables or channel access
into a context where the variable or channel is written

p(h) = [alp(h)
72 L dh[ = 0 — [ch(7)!6][ . dh| = 0

us
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Parallel Injection Axiom

[a]¢ [Bly - m . . X
[ || B](¢ A 2) () per branch [a] = [a || B¢ (+)
[(*) 3 does not affect w]
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Parallel Injection Axiom

[a]¢ [Bly - m ) . X
[ || B](¢ A 2) () per branch [a] = [a || B¢ (+)

(%) /3 does not affect w_

a0¥a ZaIp(Y: 2) = Yo, Za) lur (b0 01 (YSU Vo), 280 Jo(¥:2)

The parallel injection axiom is sound:

where a(Ya, Za) llwr b(Y, 25) = a(Ya, Za) || 5(Ys, (2o N 25) U {, 1/} U V)
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Parallel Injection Axiom

elo _[81v (o JePRCERY el Al ()

[ [| B](& A 9) per branch
(%) /3 does not affect w)

(a¥a, Za)lp(¥:2) — [a0Ya Z) fur(60Y 0 (YE U YL), ) I (Y, 2)

The parallel injection axiom is sound:

where a(Ya, Za) [lwr b(Ys: 26) = a(Ya, Za) || 0¥, (25 1 25) U {1, '} U V)

[a({ch}, hDIp(gh, h) — [a({ch}, k) llws b({gh}N({gh}Fu{ch}), {h}°)]p(gh, k)
[ch(P)11]|h | ghl = 1 — [ch(R)!1 || gh(h)!2][h | gh| =1
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Parallel Injection Axiom

olo B0y SRy Al )

[ [| B](& A 9) per branch
(%) /3 does not affect w_

[aYa ZaDp(Y: 2) — [a(Yar Za) ue(b0Yi 0 (YE U Ya), 25 (Y, 2)

The parallel injection axiom is sound:

where a(Ya, Za) llwr b(Y, 25) = a(Ya, Za) || 5(Ys, (2o N 25) U {, 1/} U V)

[ b({gh}N({gh}U{ch}), {n}C)]p(gh, h)
[ch(h)!1]|h L gh| = 1 = [ch(h)!1 || gh(h)!2]|h | gh| = 1
| R |

4 clash due to (B II)
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Parallel Injection Axiom
[a] @ (B8] replace by
[ [| B](& A 9) () per branch o]y = la fl Alv ()
(%) /3 does not affect w)

[aYa ZaDIp(Y: 2) = [a(Ya, Z) ue(00%: 0 (Y2 U Ya), 25 Jip(¥; 2)

The parallel injection axiom is sound:

where a(Yy, Za) [lwrb(Ys, 2) = a(Ya, Za) || b(Ys, (2 N 28) U {u, '} U Vi)

[a({ch}, h)Jp(ch, k) = [a({ch}, k) llu b({ch}n({ch}*U{ch}). {n}*Dlp(ch, h)
[ch(h) ][k { ch| = 1 — [ch(R)!T || ch(72)?x]|h | ch| = 1
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Parallel Injection Axiom

[a]¢ [Bly - m ) . X
[ || B](¢ A 2) () per branch [a] = [a || B¢ (+)

(%) /3 does not affect w_

a0¥a ZaIp(Y: 2) = Yo, Za) lur (b0 01 (YSU Vo), 280 Jo(¥:2)

The parallel injection axiom is sound:

where a(Ya, Za) llwr b(Y, 25) = a(Ya, Za) || 5(Ys, (2o N 25) U {, 1/} U V)

[ch(h)11][ | ch| = L — [ch(R)'1 || ch(h)7z]|l | ch| = 1
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Parallel Injection Axiom

olo B0y SRy Al )

[ [| B](& A 9) per branch
(%) /3 does not affect w_

a0¥a ZaIp(Y: 2) = Yo, Za) lur (b0 01 (YSU Vo), 280 Jo(¥:2)

The parallel injection axiom is sound:

where a(Ya, Za) llwr b(Y, 25) = a(Ya, Za) || 5(Ys, (2o N 25) U {, 1/} U V)

a({ch},h) a({ch},h)
[?true]|h | ch| =1 — [?true || ch(h)?z]|h | ch| =1

4clash due to (B Il)
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Parallel Injection Axiom

Say goodbye to schematic parallel proof rules with subtle side conditions!

All parallel systems reasoning reduces to flat axiom + uniform substitution!

(%) /3 does not affect w)

[@Yar Za1p(Y; 2) = [a0Ya, Za) lhwr (0¥ 1 (V6 U Ya), 25 Jn(¥: 2)

The parallel injection axiom is sound:

where a(Ya, Za) llwr b(Y, 25) = a(Ya, Za) || 5(Ys, (2o N 25) U {, 1/} U V)
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Uniform Substitution for dLchp

Theorem (substitution o maps symbols to terms, formulas, or programs)

0] provided for each operation ®(e
——US
oo and program constant a(Y, Z) in ¢:

(B1)  F(olge) NBY(®() =0 and N(o[g()) N AN(®(:)) =0
(B 1) BV(ca) CBV(a(Y,z) and (N(ca)=MN(a(Y,z))

Uniform substitution is sound if

(B 1) it never introduces free var
into a context wb- = Written
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Application of Uniform Substitution

substitution o U C V U tabooed variables and channels

o (e1 ~ e2) = 07 (e1) ~ 0 (e2)
UU(p((}? ); ={ '—>(0) Ye Y)Y (op(-)) if (V(op(-)) UN(op(-))NT =0
V(e Nv) = 0¥ (p) Aa¥ ()
O'U(VZ <P) =Vz O,Uu{z} (90)
o ([edacy¥) = 105 (@) oz (ay.07 (0 ? (¥
oY mr(oaysanton (@Y 2D) = 0 i BY(0a) C = and (N(oa) = ¥
Jgu{m}( =0)=uz ZUU(e)
oSz’ =0}) ={a' =Y ()} with Z=UU{z, o p,u'}
UUu{ch h}(Ch(h)'H) = ch(h)!o" ()
cTULJ{ch h :c} (Ch( )?{ZZ) = Ch(h)?l} molementation o
ohus(aU9) = of (@) Uk () imPementation of
75 (@ 6) = oy (0); 01 (5) e 5 BUFTED
BuZ(a | B) = Ug( ) |l Ug(ﬂ) by a canonical recursion
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Application of Uniform Substitution

substitution o U C V U tabooed variables and channels

O(p A ) = o () AaY (1) homomorphic application

Implementation of

%US (B1) + (B

by a canonical recursion
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Application of Uniform Substitution

substitution o U C V U tabooed variables and channels

@

oV (V2 p) = V2 oV ()

Implementation of

%US (B1) + (B

by a canonical recursion
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Application of Uniform Substitution

substitution o U C V U tabooed variables and channels

oV (p(Y,e)) = {- = a¥(elY)}(op(-)) if (V(op(-))UdN(op(-)))NU =0

v ~

(recursive substitution) (does op(-) respect taboo U?j

Implementation of

%US (B1)+ (B

by a canonical recursion
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Application of Uniform Substitution

substitution o U C V U tabooed variables and channels

Implementation of
¢
@ @ WUS (B1)+ (BII

(a I 8) = og(a) |l 0% (B) by a canonical recursion
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Uniform Substitution for dLchp

Dynamic logic of CHPs .
Discrete

dLcyp = dL + CSP
+ ac-reasoning

Communication

Continuous ™~ "po el
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Uniform Substitution for dLcup

Dynamic logic of CHPs
dLcyp = dL + CSP
+ ac-reasoning

Discrete

@ Uniform substitution for dLcyp

that operates linearly in the formulas Communication

Continuous ™~ "po el

@ Modular soundness argument

@ Modular, thus smaller, prover implementation
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Uniform Substitution for dLchp

Dynamic logic of CHPs
dLcyp = dL + CSP
+ ac-reasoning

Discrete

@ Uniform substitution for dLcyp

that operates linearly in the formulas Communication

Continuous ™~ "po el

@ Modular soundness argument
@ Modular, thus smaller, prover implementation

@ Implementation in KeYmaera X:
Ongoing effort shows promising progress

M. Brieger, S. Mitsch, and A. Platzer Uniform Substitution for Communicating Hybrid Programs



Uniform Substitution for dLcup

Dynamic logic of CHPs
dLcyp = dL + CSP
+ ac-reasoning

Discrete

@ Uniform substitution for dLcyp

that operates linearly in the formulas Communication

Continuous + Parallel
@ Modular soundness argument
@ Modular, thus smaller, prover implementation

@ Implementation in KeYmaera X:
Ongoing effort shows promising progress

@ All parallel reasoning reduces to multiple uses
of the simple parallel injection axiom

@ Discrete parallelism benefits as well
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Uniform Substitution for dLchp

Theorem (substitution o maps symbols to terms, formulas, or programs)

) provided for each operation ®(e
——US
oo and program constant a(Y, Z) in ¢:

(B1)  FV(olge) NBY(&(:) =0 and (N(o]s()) N AN(&(+)) =0
(BIl) BV(ca) CBV(a(Y,Zz)) and (N(ca)=N(a(Y, z)))

Uniform substitution is sound if

(B 1) it never introduces free variables or channel access
into a context where the variable or channel is written

[to := flp(to) <> p(f)

to = ll” = Allch(Wlelo(io) [ = bl[ch() B (1)

4clash

©(t) = time(h | ch) =t free in a context

where it is bound
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Uniform Substitution for dLchp

Theorem (substitution o maps symbols to terms, formulas, or programs)

) provided for each operation ®(e
——US
oo and program constant a(Y, Z) in ¢:

(B1)  F(olge) NBY(®(+) =0 and N(o[g()) NAN(®(+)) =0
(BII) BV(ca) CBV(a(Y,z) and (N(ca)=MN(a(Y,z))

Uniform substitution is sound if

(B I) it never extends bound variables or writes channels
beyond the original scope

[a(0, VieD]ga,c}P <> CA (A = [a(0, Vie)]P)
[cTh(h/)!()]{t,ue,‘hich‘ — 0} < |h ] ch| =0 A (true — [ch(h)!0] )

4 clash

free in a context

where it is bound A, C, and P may mention channels
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Program Semantics - Part |

Semantics I[a] C S X Trec X S| consists of state-trace-state triples

a(Y, 2)] = I(a(Y; 2)

Iz :=0] = Lp U{(v,e,w) | w = v where d = Tv[0]}
Iz := %] = Lp U{(v,e,w) | w = v? where d € R}
I[?x] = Lp U{(v,e,0) | Tv E x}

[

I{a’ = 0 & x}] = Lo U {(v,e.9(5)) [ v =0(0) on {u', '},
and ¢(¢) = ¢(0) on {:U,.CL‘/,,U,MI}E, and Ip(Q)Fp' =1A2' =0 Ax

for all ¢ € [0, s] anda solution ¢ : [0, 5] — S with ¢(¢)(2') = dgo(;z(z)(o

for z € {x, pu}}

where Lp =8 x {e} x {1} and Trec = (V7 x @ x R x R)*
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Program Semantics - Part ||

I[ch(h)10] = {(v, 7, w) | (T, w)
I[ch(h)?z] = {(v,7,w) | (1,w)

I ((h,ch,d,v(u)),v) where d = Iv][0]}
[
Iaup] =I[oUIlB]
[
[

=
< ((h,ch,d,v(p)),v%) where d € R}
I[o; 8] = I[a] 8 116] & (I]a]) , U (I[a] > I[B])

I[a*] = U( [a])™ U I[a"] where a°® =?T and "™ = o; 0™
neN neN

(v, 7 aj,wa,) € I[ay] for j = 1,2, and
Way (1) = Way(p), and 7 =7 ] (a1 || a2)

Ien || az] = {(’U,T, Wey B Way)
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Static Semantics

Definition (Static semantics)

For term or formula e, and program «, free variables FV(e) and FV(«),
bound variables BV(«), accessed channels ON(e), and written channels
(N(«) form the static semantics.

FV(e)={z €V |3I,v,5:v="70on {2} and Tv[e] # I[e]}
N(e) = {ch € Q| 31, v, : v | {ch}® =5 | {ch}® and Tv[e] # IT]e]}
V(o) ={z€V |3I,v,0,7,w:v="7o0n {Z}B and (v, T,w) € I[a],

and there is no (0,7,w) € I[a] : 7 =7 and w = @ on {z}c}
BV(a) ={z €V |3, (v,7,w) € I[a] : w# L and (w-7)(2) # v(2)}
N(aw) = {ch € Q| II, (v, 7,w) € I[a] : 7] {ch} # €}

Uniform Substitution for Communicating Hybrid Programs
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Communication-aware Coincidence

Lemma (Bound effect property)

BV(«) and ON(«) are the smallest sets with the bound effect property for
program «. That is, v =w on V- andv=w -7 on B\/(a)B ifw# L,
and 7 | N(a)b = € for all (v, 7, w) € I[a].

Lemma (Coincidence for terms and formulas)

FV(e) and ON(e) are the smallest sets with the communication-aware
coincidence property for term or formula e: If v | ON(e) = v | ON(e) on
FV(e) and I = J on X(e), then Iv]e] = Jo[e].

Lemma (Coincidence for programs)

FV(«) is the smallest set with the coincidence property for program «: If
v=0vonX DM (), and I = J on X(«), and (v, 7,w) € I[a], then
I(v,7,w) € J[a] :w=won X, and T =7, and (w= L iffw = 1).
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Soundness argument

Lemma (Semantic uniform substitution)

Terms e, and formulas ¢, and programs « evaluate equally under
substitution oV and adjoint interpretation oI for all U-variations v of w:
I[oY(e)] = o7, 1[e]
vk dY(¢) iffotIvE ¢
(v,7,0) € I[o7 ()] iff (v,7,0) € af¢]

O
e ———— 0" (e) ———— I[o" (e)]

*
onl
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Axiomatization - Part |

(K]
[ch!]

[Ch']pc
[Ch?]pc

[z := g"lp(x) > p(g")

[z := *]p(z) > Yz p(z)

[?qr]p (qne — D)

[{z’ (@, 1) & qr(@, WYp(E, 1) < {1 = 1,7 = ¢"(, 1) & qr(Z, 1) Yp(Z, 1)
[ch(h)!g%]p(ch, h) 4 Vho (ho = h - (ch, g%, 1) = p(ch, ho))

[ch()!g*] .5 > TA (7= (g} @A (7~ D)) )
[ch(h)?z](7.qyp(ch, b, x) < [z := *][ch(h)!z] 7 gy p(ch, h, x)

P; =p;(Y,2), and R; = r;(Y, ), and Q; = ¢;(Y, k), and X = x(ch, h), where
j may be blank, and Y C Q, 2 C Vg U V7, and h C V7 are (co)finite.
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Axiomatization - Part |l

[l [a3b]r,q)P ¢ [al(r.Q}[bl{r.@}P

[
Ul [aUbl(r,q}P ¢ [a](r,q}P A [bl(r,q}1P
(e [a]iraiP < [airayP Aldl(rqy @] (ra) P
Iac [a*]{RvQ}P <~ [CLO]{RyQ}P A [a*]{R,m,e}(P — [a]{R,Q}P)

P; =p;(Y,2), and R; = r;(Y,h), and Q; = ¢;(Y, h), and ¥ = x(ch, k), where j

may be blank, and Y C Q, 2 C Vg U V7, and h C V7 are (co)finite.
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Axiomatization - Part IlI

Orr  [alP < [alfiue,true} P

[€lac (a0, Va)lr.ayP ¢ QA (R = [a(0, Ve)]P)

[Jwa  [a]{erue waytrue Afal(r, ary.Qin2} P = [alr.Qi Qo) P
Wik  [alra}P <> QA [al(re}(QA (R = P))

Kie  [al{r@i—q:3(P1 = P2) = ([a]r@,}P1 = [al(r.qz} P2)

P; =p;(Y,2), and R; = r;(Y,h), and Q; = ¢;(Y, k), and ¥ = x(ch, k), where j
may be blank, and Y C Q, 2 C Vg U Vi, and h C V7 are (co)finite.
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Axiomatization - Part |V

pP—=4q p
q
QAP
la](r,q1P

p()
Va p(x)
P1 <> PQ

MP

Gac

CE

P; =p;(Y,2), and R; = 7;(Y, h), and Q; = ¢;(Y, h), and X = x(ch, h), where j
may be blank, and Y CQ,zC VRUVr, and h C Vi are (co)finite.
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Don’t Release the Synchronization Dragon!

This instantiation is unsound as it realeses dh from synchronization!

[a(ch|) U (?false; c(dh))]p(dh) — [a(ch) U (?false; c(dh)) || dh?z]p(dh)
[ch(h)!6 U (?false; 7true)]p(dh) — [ch(h)!0 U (?false; ?true) || dh?z]p(dh)

free in a context

. . .. . here it is bound
Luckily uniform substitution sorts it out by a /clash. where it 1s boun
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Parallel Decomposition

'+ lalga,,cy¥1
LEla | Bla,c 31

F Wa A true I /8]{A1/\A2,C1}¢1

' [a || B]1true,w,ay true L F || Bliaiams,cincoy (1 A )
I E e || Blitruewartrue A || Blia,nag.concay (¥1 A o)

[ F o || Bl gtrue,cincay (P01 Ath2) y

It B]{true,true}w
Lo By

(-l
M[-]ac

— llacA

AC

Twa

[]ac

0+

WA = (A2 — C1> A (Al — CQ)
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